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 Abstract  : Cyclic tests of uniaxial loading are performed on granite and andesite 
   specimens. The experimental data obtained are analyzed to clarify the inelastic deforma-
   tion behavior of brittle rocks in relation to their stress memory property. A new method 
   is proposed to estimate the pure inelastic strains. It makes use of the differencesbetween 
   the dynamic elastic moduli obtained from elastic wave speeds and the apparent ones 
   obtained from the stress-strain relation during quasi-static loading. The changes in crack 
   densities of Type-I and  Type-II are also estimated from the observed data of wave speeds. 
   Here, the Type-I is the tensile crack whose surface normal is parallel to the loading axis, 
   and the  Type-II is the tensile crack whose normal is perpendicular to the axis. The 
   estimation of crack density is practically independent of the aspect ratio of cracks. The 
   main results obtained by the analysis of experimental data are as  follows  : (1) The rock 
   property of memorizing the peak value of previously applied stresses is clearly recognized 
   in the characteristic changes in inelastic strains,  Type-II crack density and AE rate. (2) 
   Dead bands are observed at the beginnings of sample loading and unloading during which 
   no significant changes in inelastic strains take place. (3) Both the inelastic strain-rate and 
   the  Type-II crack density are increased with an increase in the axial stress when it is higher 
   than the peak value of the preceding loading cycle. (4) The  Type-II crack density is 
   nearly constant during sample loading below the previous peak stress and during sample 
 unloading. 
      A numerical simulation is carried out to obtain a better physical understanding of the 
   stress memory property. The observed characteristics of inelastic deformations are well 
   simulated by our model of a number of sliding cracks coupled with  Type-II cracks. Inthe 
   model the dynamic slip-motion accompanying elastic wave radiation is assumed to occur 
   only when a shear crack is newly created. The sliding behavior of pre-existingshear 
   cracks is thus considered always stable. Further, distribution functions are assumed for 
   the cohesive force and the static  coefficient of friction as well as for the shear strength. 
   The mean values and the variances are determined by comparing the simulatedrelation 
   with the observed one between the inelastic strain and the axial stress. It turns out that 
   some of 1000 shear cracks in the numerical simulation should have very small values of 
   frictional coefficient. The satisfactory agreement of the results of the computer simula-
   tion with the observations indicates that shear cracks are responsible for the characteristic 
   behavior of the inelastic deformations, including the Kaiser effect, of brittle rocks under 
   cyclic loading.
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1. Introduction 
   Brittle rocks have the property of memorizing the peak value of previously applied 
stress. One of the phenomena reflecting the stress memory is the so-called Kaiser 
 effect  ; the acoustic emission (AE) activity in a rock sample begins to increase noticeably 
when the applied stress exceeds the previous maximum stress. The rock property of 
memory appears also in laboratory experiments as the peculiar behavior of inelastic 
deformation or as the characteristic change in propagation speed of elastic waves 
(Zoback and Byerlee,  1975  ; Holcomb, 1978). This property is very likely to relate to the 
mechanical behavior of microcracks against the applied stress in rock, because the AE 
activity, the velocity change and the inelastic deformation are known to be caused by 
microcracking or by change in the density of microcracks (e.g. Holcomb, 1978). Based 
on these facts, some microcrack models have so far been proposed to explain not only 
the experimental result of the inelastic deformation but also the stress memory property 
of brittle rocks. For example, Holcomb and Stevens (1980) and Sano et  al. (1981) have 
presented the model of isolated tensile cracks to interpret the inelastic deformation of 
rock under compression. On the other hand, Brace et  al. (1966) and Stevens and 
Holcomb (1980) have proposed the model of shear cracks coupled with tensile cracks for 
the same purpose as above. However, neither model seems to explain sufficiently well 
the stress memory property mentioned above. 
   Recently, Satoh et  al. (1986) found from their laboratory experiment that many of 
AE's are radiated by shear cracking. Kusunose et  al. (1981), Kuwahara et  al. (1985) and 
Sondergeld and Estey (1982) have shown for brittle rock specimens under compression 
that the composite focal mechanism of AE's is consistent not with tensile cracking but 
with shear cracking. This indicates that the Kaiser effect of AE should be explained by 
the mechanical behavior of shear cracks. On the other hand, tensile cracks obviously 
make a substantial contribution to the characteristic change in wave speed as well as to 
the inelastic deformation. To make a compromise, the tensile cracks should be consid-
ered to be induced by shear cracks. 
   In order to have a better physical understanding for the rock property of stress 
memory, we carried out the cyclic loading tests of brittle rock specimens, where we 
measured the strains, the elastic wave speeds and the AE's as functions of the applied 
uniaxial stress. The change in the tensile crack density is estimated from the change in 
elastic wave speed. The inelastic strains are separated from the elastic ones by making 
use of the differences between the dynamic elastic moduli and the apparent ones deter-
mined by the quasi-static stress-strain relation. Based on these results, we improve the 
model of shear cracks coupled with tensile cracks proposed by,  e.g., Stevens and 
Holcomb (1980) to explain the various observations related to the stress memory 
property.
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2. Methods for Estimating Inelastic Strain and Crack Density 
 2.1. Inelastic Strain 
   When a rock specimen is strained by an applied stress, the inelastic strain is 
generally included in the strain measured with strain gauges. It is impossible to 
decompose the measured strain into the elastic and the inelastic one without assump-
tions. The conventional method adopted in literature assumes that the linear part of the 
stress-strain relation observed at relatively low stresses expresses the pure elasticity, 
and that the elasstic strains at higher stresses are extrapolated from the linear part at 
low stresses. The differences between the observed strains and the extrapolated ones 
are thus regarded as the inelastic strains. The disadvantage of the method is apparent. 
The linearity at low stresses does not necessarily guarantee us the pure elasticity. More 
important is that the effective elastic constants may vary with the increasing applied 
stress due to the effect of microcracks in the specimen. 
   Our new method for estimating the inelastic strain is described as  follows  : The 
elastic wave speeds in a rock specimen are assumed to express the pure elasticity. The 
effective elastic moduli determined from the wave speeds are called the dynamic elastic 
moduli. On the other hand, the strain due to loading is considered quasi-static, and 
contains both the elastic and the inelastic strain. Denoting the strain measured with 
strain gauges by  E. tot, we may write 
 E.  tot  —  E  el+  Etnel, 
where  E  ei and  Eznet are the elastic and the inelastic strain, respectively. If the effective 
elastic moduli were constant during experiment,  set could easily be calculated from the 
dynamic elastic moduli and the loading stress to give the difference between  E  tot and  Eet 
as the value of  E  inel. However, the effective elastic moduli change their values with an 
increase or a decrease in the number of microcracks in the rock specimen. Consequent-
ly,  Eel is not uniquely determined from the value of loading stress a but dependent on its 
time history. Let us define the elastic compliance  J at a time  r= t as 
                                                                  e 
 J(1)=                                 dE            dai  
The value of  j  (t) is obtained from the elastic wave speeds measured at  r= t. The 
elastic strain accumulated from the beginning of the experiment  ( r  =0) to  r— t should 
be given by 
                       sel(t)=f.1(r)ddrdr. 
                                                  0 From this, we have 
                                                    cr(t)                  E mel(t)= E tot(t)— fJ(6)cla.  (1) 
                                                   0(0) 
Thus, we can estimate the inelastic strain from the difference between the total strain 
measured with strain gauges and the integral of the elastic compliances.
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2.2. Elastic Moduli for Hexagonal Elasticity 
   Even if  the. elastic property of a rock specimen is isotropic under the room condition 
of an atmospheric pressure, it should be considered to become hexagonal under uniaxial 
compression because of the microcracks having orientations preferred to the stress axis. 
In the case of hexagonal elasticity, namely, transversely isotropic around an axis, say z-
axis in a Cartesian coordinate system, the stress-strain relations are expressed as 
           7ax \ C11  C 2  C13 00 0\/ie.\aC12 C11 C13 0 00 
 az C13 C13 C13 0 0 0 ezz  (2) 
         ryz 0 0 0 C44 0 0 eyz 
          rz,1 0 0 0 0 C44 0 \eZxi 
           rxy 0 0 0 0 0 Cu — C12  exy 
There are five independent elastic constants, C11, C12, C13, C33 and C44. Now let  (  /1, 0, 
 13) be the direction cosines of the propagation direction of elastic waves. The phase 
velocities are given by 
      pV 2p,sv= (A1±/12)±1(A1—A2)2±4A32 (3-a)                     2 
                 C44/324--(C11—C12)/12  
  10V2S11=(3-b)                  2 
The constants  A are written by 
 A1  =  C33  132+  C44  112/  2, 
 A2  =  C11  /12+  C44/32/  2, 
 A3=  (C12+  C44/2)11/3. 
Here the subscripts P, SV, and SH mean P wave, the S wave whose motion direction is 
polarized in the plane containing the propagation direction and the  z-axis, and the S 
wave whose motion direction is in the plane perpendicular to the z-axis. The positive 
and the negative signs in the right-hand of (3-a) should be taken for  VP and  Vs v, 
respectively. Having more than five independent data of elastic wave speeds, we can 
determine the five independent elastic constants by using a least squares technique. We 
measured six kinds of wave speeds in the present experiment. 
 (a)  Type-I  (b)  Type-11 
                                        Fig. 1 Two types of penny shaped 
 cracks  ; (a) Type-I crack whose sur- 
                                            face normal is parallel to the  z  -axis in
                                             the direction of the applied compres-
         y 
                                             sion, and (b) Type-II crack whose 
)X                                              surface normal is perpendicular to the 
                                               z-axis. The  Type-II cracks are dis-
                                             tributed uniformly around the z-axis.
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2.3. Crack Density 
   In the case of uniaxial loading, two types in orientation of tensile cracks are 
 important  : One is the cracks, which will be called  Type-I, whose surfaces are perpendic-
ular to the loading axis. The other,  Type-II, is the cracks whose surfaces are parallel 
to the loading axis. The  Type-II cracks are assumed to be symmetrically and uniformly 
distributed about the loading axis, as shown in Fig. 1. The hexagonal elasticity is 
expected for the rock specimen having these two types of cracks. 
   Yamamoto (1981) has presented a theoretical method for calculating the effective 
elastic moduli of anisotropic composite material. We apply his method to the present 
case to obtain the theoretical relations of wave speeds to crack density. The crack 
density  vo is defined by 
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   Fig. 2 Changes in wave speeds with respect to crack density change computed theoretically 
      for (a) the composite material containing Type-I void cracks and (b) that containing 
 Type-II void cracks.  V, stands for P- or S-wave speed of the isotropic matrix with the 
       Poisson's ratio of 0.25. The aspect ratio of the cracks are assumed to be 0.001. The SV 
       denotes the S-wave whose motion direction is polarized in the plane containing the 
      propagation direction and the loading axis. The SH stands for the S-wave whose motion 
      direction is polarized in the plane perpendicular to the loading axis. The propagation 
      directions are indicated by the numerals attached to P, SV, and SH  (cf Fig. 4).
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 vo  --- (4) 
where v is the ratio of the total crack volume to the specimen volume and a is the aspect 
ratio of cracks. Figures 2(a) and (b) show the results of the changes in wave speeds 
versus the crack density change  Livo for the composite material containing Type-I cracks 
and for that containing  Type-II cracks, respectively, where the Poisson's ratio of the 
isotropic matrix and the aspect ratio of the cracks are taken to be 0.25 and 0.001. In the 
present case of void inclusions it is not necessary to give the absolute values to the wave 
speeds of the matrix. 
   In the iterative method by Yamamoto (1981), the first step of caluclation is done by 
inserting a small quantity  4v, of the crack density into the pure matrix. Next step is 
for inserting another small crack density  z/v, into the fictitious matrix that contains 
cracks introduced already in the first step. Here the effective constants calculated in the 
first step are taken to be the elastic constants of the fictitious matrix. This numerical 
procedure has been proposed originally by Yamamoto et al. (1981) and called new self-
consistent scheme. In the theoretical calculation for Fig. 2, the rock specimen before 
loading was regarded as the isotropic matrix that possibly contains cracks oriented 
randomly. It should be understood, therefore, that  Livo  =0 represents simply the  refer-
ence state before loading, and that the abscissa expresses the difference in crack density 
from the reference state. From this point of view, the negative crack density is easily 
understood to express the elimination of pre-existing cracks. 
   The procedure and the interpretation described above are mathematically justified, 
if the total crack density is so small that the interactions among cracks are negligible. 
If this is assumed, the change in value of the i-th component velocity due to increases 
in crack densities  LIvoi of Type-I and  4voli of  Type-II should be expressed by 
 Vi=a,.Jvcil+  b 
        aviav,(5) 
                      a,=,- 
                         avoiavoli 
This further requires that the theoretical curves of speeds in Fig. 2 should be approx-
imated by their tangents at  4v0=  0 to give the values of  a, and  bi. As far as this 
 0   
 SVso  Fig.  3 Changes in wave speeds with 
 SH90                                             respect to the aspect ratio a of void 
                                              ratioijoo                 cracksoftheThethePso
                                           density are taken to be 0.25 and  0.2, 
           - 0.1                                              respectively .  SV.,  SH. and  P90           -o 
                                              denote the SV-, SH- and P-waves 
                                           whose propagation directions are  par-
         - m =0.2 allel to the surface normal of the 
 vo  = 0.25  Type -II cracks . 
          -0 .2    --4   -  2 0 
 Log  a
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assumption of no interactions among cracks is valid, therefore, we can estimate  Z1vo1 and 
 4von separately from the observed  JV,  (i  = 1  —6) by a least squares technique. 
   We calculate theoretically the effect of the aspect ratio a on the wave speeds. The 
results are shown in Fig. 3 to indicate that the wave speeds are nearly constant for a less 
than about 0.05. This implies that the crack density can be determined by the changes 
in wave speeds almost independently of the aspect ratio. The assumption of a  =0.001 
made in the calculation of Fig. 2 has no significant effects on the analyzed results, as far 
as the aspect ratios of induced tensile cracks are less than about 0.05. 
3. Experiment 
   The cyclic loading tests of uniaxial stress were performed with a servo-controlled 
testing machine on a  Higashiyama-granite and an Arakawa-andesite specimen. We 
used these particular rock specimens because of their small anisotropy being less than 
 1% under an atmospheric pressure, as seen in Table 1. The specimens are rectangular 
prisms with the dimension of 15  cm  x 15 cm x 30 cm. 
   The wave speeds were measured by a pulse transmission method using piezoelectric 
transducers (PZT) with a resonant frequency of 2 MHz, where P- and S-waves were 
generated and received by PZT transducers of compressional and shear modes, respec-
tively. The six components in total of P-wave and S-wave speeds were measured, as 
illustrated in Fig. 4(a). The angles between the propagation directions and the loading 
axis are 90, 60 and 45 degrees. The AE activity was detected also by PZT sensors 
during loading and unloading processes. 
   Strain gauges were mounted approximately at the center of each surface of the 
specimen as depicted in Fig. 4(b). We took the average value of the data at four points 
for the axial strain and that at three points for the transverse strain. 
   The cyclic loading histories in the experiment are schematized in Fig. 5. Five 
cycles of loading and unloading were applied to the granite specimen, where the peak 
stress in each cycle was increased successively from the first to the fifth cycle as 20, 40, 
 80,  120 and 130 MPa (Fig. 5(a)). Six cycles were applied to the andesite specimen with 
the peak stresses of 10, 20, 40, 60, 80 and 100 MPa (Fig. 5(b)). The axial stress had to be 
held constant for about one minute to measure wave speeds. The holding operation of 
loading is omitted in the figure. 
         Table 1. Wave-Speeds Together with Specific Gravity of the Rock Samples 
        P90P60P45 SV90 Sligo SH45WaveType
km/s g/ctn3 
     Granite 5.58  5.56 5.59 3.33 3.24 3.27 (2.70) 
     Andesite 4.89 4.89 4.93 2.94 2.97 2.96 2.76 
       p  : apparent specific gravity  
(  )  : assumed value. 
       The numerals attached to P, SV, SH  : the propagation direction of the respective 
       waves (see Fig. 4).
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       (a) PZT sensors with reference to the propagation directions of P-, SV- and SH-waves. 
       The numerals attached to P, SV and SH indicate the angles between the propagation 
       directions and the vertical, namely, the loading axis. 
       (b) Strain gauges for radial strain  E  22 and for transverse strains  r„„ and  E  „ together with 
       PZT sensors. 
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        Fig. 5 The time history of the applied axial stress. 
           (a) Five cycles of loading and unloading are applied to a granite specimen. 
           (a) Six cycles are applied to an andesite specimen. 
4. Analysis of Experimental Data 
 4.1. Crack Density Changes in Relation to AE Activity 
   Figures 6(a) and (b) show the results of the wave speed measurement in the last three 
cycles for the granite specimen and for the andesite one, respectively . The results are 
shown only for P-, SV- and SH-wave whose propagation directions are perpendicular to 
the loading direction. For the granite specimen in Fig. 6(a), the P- and  SH-wave speeds 
are decreased at stresses higher than the previous maximum stress , while they are
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almost constant or slightly increased below this critical stress. On the other hand, the 
SV-speed does not apparently decrease even when the applied stress exceeds the 
previous maximum stress. We can see that the hysteresis of the stress-wave speed 
relation becomes more significant with an increase in the peak stress of a loading cycle. 
For the andesite specimen in Fig. 6(b), the tendency is much the same as for the granite 
one except that the hysteresis is larger than that for the granite. 
   Applying the method described in Section 2 to the observed data of wave speed 
changes, we estimate the changes in crack densities of Type-I and  Type-II. The results 
are shown in Fig. 7, where the granite sample were partly fractured at the time indicated 
in the figure. For both the specimens, the Type-I crack densities are decreased during 
loading and increased during unloading. It is noted that the Type-I density of the 
andesite sample at the end of unloading is larger than that at the beginning of the 
preceding loading. This is due probably to  the effect of the cracks oblique to the loading 
axis, which was assumed not to exist in estimating the crack density. 
   The  Type-II crack density shows a different behavior from the Type-I. The 
density of  Type-II, which is almost constant at lower axial stresses, begins to increase 
at the previous maximum stress in the loading stage. This suggests that the  Type-II 
cracks are neither newly created nor extended in size till the applied stress reaches the 
previous maximum stress. The crack density of this type changes little during unload-
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    Fig. 6 The changes in  P-, SV- and SH-wave speeds with respect to the axial stress observed 
       for (a) the granite specimen and (b) the andesite specimen. The propagation directions 
       are all perpendicular to the loading axis.
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   Fig. 7 The changes in crack densities of Type-I and  Type-II obtained for (a) the granite 
      specimen and (b) the andesite specimen. The time history of the applied axial stress is 
      reproduced from Fig.  5. The dashed lines indicate the peak value of the preceding loading
        cycle. 
ing. This implies that most of  Type-II cracks remain opened in the unloading stages. 
   Figures 8(a) and (b) show the AE count rate together with the time history of the 
applied stress. For the granite specimen, the Kaiser effect, which is not apparent in the 
earlier cycles, becomes clear in the fourth and the fifth cycle.  Interestingly, the andesite 
specimen shows the Kaiser effect more clearly than the granite one. 
4.2. Inelastic Deformation 
   The observed relations between the average strain and the axial stress are given for 
the last three cycles of loading on the two specimens in Figs. 9(a) and (b), where the 
average strains in the right and the left of the figures stand for the axial and the 
transverse strain, respectively. As described in Section 2.1, the apparent elastic moduli 
are estimated from these observed  stress-strain relations. 
   Figures 10(a) to (d) show the comparison of the apparent elastic moduli with the 
dynamic ones obtained from the wave speed measurement, where the only results of the 
3rd and the 4th cycles in the granite experiment and the last two cycles in the andesite
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   Fig. 8 The count rate of acoustic emissions observed for (a) the granite specimen and (b) the 
       andesite specimen. 
one are shown to avoid the complication of the figures. The figures of (b) and (d) 
indicate the change in the ratio of Young's modulus to Poisson's ratio,  Elv, which 
indicates the incompliance in the transverse strain of the rock against the axial stress. 
The standard error in estimating the dynamic elastic moduli is considered to be about 
10% for the andesite specimen and about 30% for the granite specimen. From these 
       (a) 
 Granite 
\
                  100(MPa)                                                              100
\ 50 ,  (b)(MPa) 
                                          ;LijAndesite 
 50 
      \ /      
1                                 \I
 10  00 0 -1000  -2000  -3000  (pstrain) 1000 0 -1000  -2000  -3000  (pstrain) 
     STRAIN  STRAIN 
   Fig. 9 The average axial (right) and transverse (left) strains with respect to the axial stress 
       observed for the last three cycles of loading on (a) the granite specimen and (b) the 
        andesite specimen.
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figures, we observe the  followings  :  (A-1) The values of dynamic elastic moduli are 
significantly larger than those of apparent elastic moduli.  (A-2) The apparent elastic 
moduli are fairly close in value to the dynamic ones at the beginnings of loading and 
unloading. (A-3) The apparent elastic moduli begin to decrease at the previous maxi-
mum stress, whereas the dynamic ones change little.  (A-4) The apparent elastic moduli 
decrease their values with an increase in the number of loading cycles . 
   As discussed in Sections 2.1 and 2.2, the dynamic elastic moduli express the effective 
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 Fig.10 The dynamic and the apparent elasitic moduli with respect to the applied stress 
      observed for the last two cycles of loading. 
      (a) The Young's modulus E for the granite specimen. 
      (b) The ratio of E to Poisson's ratio  p for the granite specimen. 
      (c) The Young's modulus E for the andesite specimen. 
      (d) The ratio of E to Poisson's ratio  2) for the andesite specimen.
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elastic constants of the composite material containing void cracks, while the apparent 
elastic moduli imply the total incompliances of the composite against the quasi-static 
loading. The differences between the apparent and the dynamic elastic moduli are thus 
regarded as the inelastic incompliances of the rock specimen under consideration. 
   To evaluate numerically the inelastic strains, the equation (1) is rewritten as 
                N \ 
                       Eznel(GIV)= Etot(0.1,1)— iZkli•(6) 
whereinel.(-N is the amonut of inelastic strain at the stress  (6N+  aN+1)/ 2, and Jai 
 (61+1—  )/ 2. The obtained results of inelastic strains are given in Figs. 11(a), (b) and 
(c). The result of transverse strain for the granite is omitted here, because its  amount 
is too small to discuss. 
   From these figures we find the  followings  :  (B-1) Although there exists a remarkable 
hysteresis, the stress-strain curve in loading passes approximately through the point of 
the peak stress in the preceding loading cycle. (B-2) The gradient of inelastic strain is 
almost zero at the beginnings of loading and unloading. (B-3) The gradient of inelastic 
strain in loading becomes steeper at the vicinity of the peak stress in the preceding 
loading cycle, suggesting the stress memory property. (B-4) The residual inelastic 
strain at zero axial stress is increased with the number of loading cycles. 
   Among these, (B-2),  (B-3) and (B-4), respectively, are considered to correspond to 
(A-2), (A-3) and (A-4) obtained previously for the apparent elastic moduli. It is re-
marked that the analysis and the results in this Section 4.2 are free from such assump-
tions as those concerning Type-I and  Type-II cracks made for the estimation of crack 
density in Section 4.1. 
4.3. Discussion 
   We theoretically compute Young's modulus E and Poisson's ratio  1) as functions of 
crack density for Type-I and  Type-II, as illustrated in Fig. 12. The results show that 
the decrease in crack density of Type-I increases both E and  2) to keep the ratio  El  11 
 (a)Granite  (axial)  (b)  Andesite  (axial)   (C)  Andesite  (transverse)  500  1111111 
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   Fig. 11 The relations of the pure inelastic strains to the axial stress estimated for the last two 
       cycles of loading. 
       (a) The axial component of inelasitc strains for the granite specimen. 
       (b) The axial component of inelastic strains for the andesite specimen. 
       (c) The transverse component of inelastic strains for the andesite specimen.
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nearly constant, and that  Type-II cracks have almost no effects either on E or on  Ell) . 
As seen in Figs. 10(c) and (d), the experimental results of dynamic elastic moduli for the 
andesite specimen agree fairly well with the theoretical calculation. On the other hand , 
the experimental results for the granite indicate that  Ely varies considerably with the 
axial stress and that the degree of its variation is almost comparable with that of E . 
This is inconsistent with the theory and explained neither by Type-I nor by  Type-II 
cracks. Considering this and the large standard errors in the estimation of dynamic 
elastic constants stated in Section 4.2, the presumption that the rock specimen contains 
only Type-I and  Type-II cracks is poorly satisfied in the case of granite. 
   It was found from our analysis that the inelastic deformation begins to increase 
rapidly at the previous maximum stress. This was recognized not only for the trans-
verse strain but also for the axial one. Further, the  Type-II crack density also shows 
a rapid increase nearly at the same critical stress, though Type-I does not show any 
significant change in its decreasing rate. These phenomena including the Kaiser effect 
are all indicative of the rock property of stress memory and likely to depend on one 
another. In next section, we will examine whether it is possible to explain all the 
observations obtained in the present experiment for the inelastic deformation of brittle 
rocks by a relatively simple hypothetical model of microcracks . 
5. Sliding Crack Model for Inelastic Deformation 
5.1. Sliding Crack Model versus Tensile Crack Model 
   It is well known that microcracks of tensile type play an important role in causing 
the dilatancy (inelastic volumetric strain increase) of brittle rocks under compressional 
stresses. However the question that naturally arises is how a local tension field is 
produced to create tensile microcracks in a macroscopic compression field. To answer 
this, Brace et al. (1966) first proposed the model of shear cracks coupled with tensile 
cracks, as illustrated in Fig. 13. Based on their idea, several models of  sliding cracks 
 ° 1-YPE-11  E  _  ‘)  _ 
                   1)-,0 ,5) - 
 .0 .5  - 
 L  
          Jo =0.25            dy
 
_  0, =0.001 
 0  0.5  0  0.5  1.0                   CRACK DENSITY 
       Fig. 12 The Young's modulus E (left Fig . 13 The concept of shear cracks cou-
          figure) and the Poisson's ratio  r (right pled with tensile cracks proposed by
          figure) with respect to the crack den- Brace  et  al . (1966). The maximum 
          sity computed theoretically for Type- and minimum compressive stresses are 
          I and  Type-II,  respectively. denoted by  ch and 03.
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have been presented for describing the dilatancy phenomenon by Stevens and Holcomb 
(1980), Moss and Gupta (1982), etc. 
   A fundamental problem for the sliding crack models comes from the test by 
Tapponnier and Brace (1976). They searched for shear cracks in Westerly granite 
samples under cyclic loading by the use of a scanning electron microscope. They found 
only a few shear cracks with a resolution of  10-8 m. Attaching much importance to this, 
Holcomb and Stevens (1980) and Sano et al. (1981) have proposed the models of isolated 
tensile cracks. For example, Holcomb and Stevens (1980) introduced the concept of 
reversible Griffith crack into their model of  Type-II cracks. That is, they assumed that 
the  Griffith crack closes and healing occurs below a critical stress. They successfully 
applied their model to the characteristic behavior such as the hysteresis and the stress 
memory of volumetric strain observed for brittle rock specimens under cyclic loading. 
However, their model does not seem to satisfy the observations obtained in the present 
study. No inelastic axial strain is theoretically expected for  Type-II cracks, whereas 
significant change in inelastic axial strain was found in the present experiment. Fur-
ther, the focal mechanism of AE is known to be of shear crack type, as described in 
Section 1. We should expect a considerable contribution of shear cracks to the 
mechanical behavior of tensile cracks. It was suggested by Tapponnier and Brace (1976) 
that shear cracks might be too thin to be resolved even with a scanning electron 
microscope. 
   In the present study, therefore, we will develop such a sliding crack model as 
proposed by Stevens and Holcomb (1980) so as to satisfy our observational data. It is 
noted that Stevens and Holcomb (1980) rejected their own hypothetical model because of 
the inconsistency between the predicted behavior and the observed one of dilatancy. We 
are thus required to improve their sliding crack model. 
5.2. Sliding Behavior of Single Crack 
   We formulate the mechanical behavior of a single shear crack according to Stevens 
and Holcomb (1980). The concept of their model is illustrated in Fig. 14. They treated 
the shear crack motion as the sliding process of a block on an inclined rough surface. 
The block is retained by the elastic force  7', of a spring. It is considered that shear 
cracks are coupled with tensile cracks by this restoring force  Te, which is also regarded 
as the force necessary to open the tensile cracks. The force for the block to slide is the 
tangential component  Ts of the applied force a. The forces against the motion are  Te 
and the frictional force  Tf.  , When the restoring force  T, is so large compared with  T, 
that the block may move upwards, the driving force is now Te and the opposing forces 
are  T, and  Tf. 
   The normal traction  T, and the shear traction  Ts across the shear crack are written 
in terms of the applied compressive stress a by 
 Tn=  67  cos'  8,  (7) 
 Ts=  a  sin  0  cos  O. (8)
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In the model by Stevens and Holcomb (1980), the  frictional stress  T., is given by 
                                            Tf - <1-1T„, 
where p is the static coefficient of friction. Let us now modify their model as  follows  : 
For a shear crack before fracture, the critical value of Tf is taken to be the shear 
strength  rs of the virgin  rock  ; 
            Tf - r S. (9-a) 
For a pre-existing shear crack, 
 Tf  --  r0+  tiTn•  (9-b  ) 
The assumption of (9-a) is introduced to explain the Kaiser effect as well as other 
phenomena of stress memory. When the applied shear stress  Ts becomes equal to  Ts or 
the critical value of  Tf in (9-a), the shear instability takes place to create rather 
dynamically a new shear crack. The cohesive force  r  0 is introduced in (9-b) so as to 
satisfy the observed fact that a significant amount of inelastic strain remains after the 
completion of unloading in a cycle of loading test. As stated before, the shear crack 
must be very thin. Further, the inner surfaces of the crack should be more or less rough. 
We should therefore expect some resistance to the sliding motion even when  T, equals 
zero. 
   When the downward sliding motion of such a block as in Fig. 14 or the forward 
sliding motion of a pre-existing shear crack is expected, the equilibrium condition at rest 
and during the quasi-static motion is expressed by 
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                                           Fig. 15 The  relation of the elastic restor-
   Fig. 14 The concept of the sliding crack ing stress Te to the applied axial 
      model proposed by Stevens and stress  a expected for a single sliding 
      Holcomb (1980). In the right figure, a crack model (see the text for the 
      block on a rough surface is retained by details). 
      a spring with a force Te. During the  rs  ; shear strength,  ro  ; cohesive force. 
      stable sliding of the block in the down-
      ward direction, the driving force is the 
      tangential component of c, and the
      opposing forces are the elastic restor-
      ing force Te and the static frictional 
      force  Tf.
              INELASTIC DEFORMATION  OF BRITTLE ROCKS 17 
 TeL  =  Ts—  Tf. (10) 
We should understand for (10) that the crack starts sliding when  T, exceeds the critical 
value of  T.), defined in (9-b). In the case of critical loading in which the applied stress 
is quasi-statically increased so as to keep the stable sliding motion, we have from  (7), 
(8), (9-b) and (10) 
 TeL=6  cos  (sin  B--a  cos  0)—  ro.  (11) 
This critical loading path is shown in  Fig.  15. In the case of backward sliding motion, 
we have 
 Te"=  Ts+  Tf. (12) 
The critical unloading path is given from  (7),  (8), (9-a) and (12) as 
 Teu  =  6  cos  0(sin  B+ /e  cos  0)+  z-o.  (13) 
   Referring to Fig. 15, let us explain more in detail the cyclic behavior of the restoring 
force  Te with respect to the applied stress  cf. First we increase the applied compressive 
stress from zero to  as, where 
 Cs=  rs/ sin  0  cos 0. 
During this loading stage the restoring force stays zero, because a shear crack has not 
yet been created. When  6 reaches the critical value of  as, a new shear crack is created, 
accompanying the dynamic slip motion and elastic wave radiation (AE). At the same 
time  TeL is increased instantaneously to a point between the critical loading path and the 
frictionless one. This overshooting is expected to occur, because the dynamic coefficient 
of friction should be less than the static  coefficient of  be. From the point A to the point 
B in Fig. 15,  TeL stays constant because of too large restoring force compared with the 
driving force  Ts. At the point B the shear crack starts sliding. Considering the results 
by Kuwahara (1985), the crack surfaces are supposed to be too rough to generate stick-
slip motion. We therefore expect that the sliding motion is stable and quasi-static. 
This requires the restoring force  TeL to follow the critical loading path from B to C. 
   Let us now start unloading. From C to D in the figure the driving force is  On 
the other hand, the upper bound of opposing force available should be calculated from the 
right-hand side of  (13). It is obviously larger than the driving force. The restoring 
force keeps the constant value because of no sliding. At the point D the shear crack 
begins to slide backwards. From D to E,  Te" should lie on the critical unloading path. 
It is apparent from the figure that the restoring force by the amount of  ro remains after 
the completion of unloading. This results from the fact that the amount of backward 
sliding is less than that of forward sliding. It is easy to understand that the path of the 
second cycle of loading is expressed by E-F-C-D-E in Fig. 15. 
   The inelastic strain should be in proportion to the amount of crack opening of tensile 
type, which is considered to be connected with shear cracks. Let us assume that the 
sizes of both shear and tensile cracks are unchanged during loading and unloading 
processes. Then the restoring force Te should be proportional to the amount of slip
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(relative displacement) across the shear crack and, consequently, to the amount of crack 
opening of tensile type. The relation between Te and  a is therefore regarded as that 
between the inelastic strain and  a. When we compare Fig. 15 with, say, Fig. 11(c) that 
is the result of transverse strain obtained for an andesite specimen, some of the observed 
characteristics are seen to be reproduced by the model of a single crack. To achieve a 
better agreement between the theory and the observations, we will simulate the inelastic 
behavior of deformation with an ensemble of sliding cracks in next section. 
5.3. An Ensemble of Sliding Cracks 
   In this section a numerical simulation is made of the inelastic deformation by 
computing the mechanical behavior of a number of sliding shear cracks coupled with 
tensile cracks of  Type-II. The effect of Type-I cracks is disregarded in the present 
simulation model for the sake of simplicity. Accordingly, the result of simulation should 
be compared with the experimental result of inelastic transverse strain, which is little 
affected by pre-existing cracks of Type-I. 
   First, we have to assume the distribution functions of the shear strength  Ts, the 
cohesive stress  ro and the frictional coefficient  11 for shear cracks. Since we have little 
knowledge of the distributions, they are assumed to obey the normal distribution or, 
rigorously speaking, a part of the normal distribution, as seen in Fig. 16. Since they 
seem to be dependent on one another, the second assumption is that the shear crack with 
a larger value of shear strength has larger values of cohesive stress and frictional 
coefficient. The mean values and the variances of the three crack parameters are to be 
determined from the comparison of the computed inelastic behavior with the experimen-
tal one by a trial and error technique. Figure 16 is examples of the distributions of 
crack parameters used for 1000 samples in the numerical simulation. 
   Once the values of the crack parameters are assigned to individuals of 1000 shear 
cracks, the computation of the resultant restoring force is straightforward. In doing 
this, however, no overshooting is assumed at the time when a shear crack is newly 
created. The contribution from the overshooting of an individual crack is considered 
negligibly small to the resultant force. As described in the preceding section, the change 
in the computed restoring force can be regarded as the change in the inelastic transverse 
strain with respect to the applied axial stress. Figure 17 illustrates the results computed 
for the ensemble of sliding cracks having the distribution functions given in Fig. 16. The 
shape of the computed stress-strain curve is satisfactorily compared with the experimen-
tal one for the andesite specimen shown in  Fig.  11(c). The observed characteristic 
features from  (B-1) to (B-4) in Section 4.2 are all well simulated in Fig. 17. 
   We have examined several other sets of the distribution functions with different 
mean values and variances. Among them the best fit solution shown in Fig. 17 was 
obtained from the distributions given in Fig. 16. The mean values and the standard 
deviation of shear strength, cohesive stress and frictional coefficient are  (0.77  ±  0.18  )rm, 
 (0.07  ±  0.18  )z-,, and  0.56±0.24, respectively, where  tn, is the maximum value of shear 
strength among 1000 cracks. It is remarked that the shear cracks having very small
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   Fig. 16 The distributions of the normal-  Fig.  17 The simulated relation between 
      ized shear strength (open square), the inelastic strain and axial stress 
      normalized cohesive force (oped cir- computed from the model of a number 
      cle) and the frictional  coefficient (solid of sliding shear cracks with the distri-
      circle) for 1000 shear cracks in the bution functions given in Fig. 16.
      numerical simulation. The  r  m stands 
      for the maximum value of shear 
      strength among 1000 cracks. 
values of frictional coefficient were necessary to satisfy the observed results. 
5.4. Discussion 
   It was found in the preceding section that the result of our simulation agrees well 
with the observed relation between inelastic strain and applied stress for the andesite 
specimen under cyclic loading. Our simulation model was so constructed that the 
observed results of the Kaiser effect and the crack density change might be satisfied. It 
is concluded therefore that almost all the characteristic features observed for the 
inelastic deformation are well reproduced by our model of an ensemble of sliding cracks. 
   Important differences of our model from the model by Stevens and Holcomb (1980) 
are (1) the introduction of the shear strength, (2) the introduction of the cohesive stress, 
and (3) the allowance of shear cracks having very small values of frictional coefficient. 
It is apparent that (1) was necessary for satisfying the observed properties of stress 
memory such as the Kaiser effect in particular. The above (2) was for satisfying the 
residual strain at the end of unloading in each loading cycle. However, there may be 
some argument against  (2). Byerlee (1978) compiled the experimental data of friction 
on various rocks to obtain the relation between the critical value of static friction and 
the normal stress as 
 r  =  0.856n for normal stresses lower than 200 MPa, 
 r=0.5+0.667, for normal stresses higher than 200 MPa. 
This implies that no cohesive force acts on the crack surfaces at low normal stresses. 
Byerlee (1978) has stated, however, that the values of frictional stresses depend strongly 
on the roughness of sliding surfaces at low normal stresses. The inner surfaces of shear 
cracks are considered rather very rough in the present experiment. There may be some 
asperities on the surfaces which act as a resistance to sliding even when  an  =0.
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Furthermore, the propping force acting on the inner surfaces of tensile cracks, as 
suggested by Zoback and Byerlee (1975), may prevent the connected shear cracks from 
sliding at low normal stresses. The cohesive force in our model is considered to 
represent these  forces. 
   Stevens and Holcomb (1980) have rejected their own sliding model from the follow-
ing  reason  : Their model predicts a very long dead band at the beginning of sample 
unloading during which no change in inelastic volumetric strain takes place. This 
disagrees with their observations of no dead band in laboratory experiments. However, 
their observations are inconsistent with ours obtained from the uniaxial compression 
tests of granite and andesite samples. We found that the  Type-II crack density and the 
inelastic strains remain constant at the beginning of unloading. This discrepancy comes 
probably from the difference of the methods adopted for estimating the inelastic defor-
mation. Stevens and Holcomb (1980) made no correction for the effect of the changes 
in effective elastic constants. We think, therefore, our observational results are more 
reliable. Nevertheless, (3) stated before had to be introduced to narrow the width of the 
dead band. The normal stress in our model is assumed to be constant for all shear 
cracks. However, the stress field must be so nonuniform in a rock specimen that local 
normal stresses near some of shear cracks may be very small. The small normal 
stresses are replaced by the small frictional  coefficients in our model. 
6. Conclusion 
   An experimental and theoretical study was made of the inelastic deformations of 
brittle rocks under cyclic tests of uniaxial stress. A new method proposed to estimate 
the pure inelastic strains was successfully applied to the experimental data obtained for 
granite and andesite specimens. The changes in crack densities of Type-I and  Type-II 
were also estimated from the observed data of wave speeds, where the Type-I is the 
tensile crack whose surface normal is parallel to the axis of the applied compression, and 
the  Type-II is the tensile crack whose normal is perpendicular to the axis. 
   The main results of the data analysis are as  follows  :  (1) The rock property of 
memorizing the peak value of previously applied stress is found in the characteristic 
changes in inelastic strains,  Type-II crack density and AE rate. (2) Dead bands are 
observed at the beginnings of sample loading and unloading during which no significant 
changes in inelastic strains take place. This is clearly seen especially for the transverse 
component of inelastic strains. (3) Both the inelastic strain-rate and the  Type-II crack 
density are increased with an increase in the axial stress when it exceeds the peak value 
of the preceding loading cycle. (4) The  Type-II crack denstiy is nearly constant during 
sample loading below the previous peak stress and during unloading. 
   These observed characteristics of inelastic deformations are well simulated by our 
model of a number of sliding cracks coupled with  Type-II cracks. In the model, the 
dynamic slip-motion accompanying elastic wave radiation is assumed to occur only 
when a shear crack is newly created. This implies that the sliding of pre-existing shear 
cracks is always stable. Further, distribution functions are assumed for the cohesive
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force and the static coefficient of friction as well as for the shear strength.  it turns out 
that some of 1000 shear cracks in the numerical simulation should have very small values 
of frictional coefficient in order to satisfy the observed stress-strain relations. From the 
satisfactory agreement between the observations and the computer simulation, we 
conclude that shear cracks govern the characteristic behavior of the inelastic deforma-
tions of brittle rocks under cyclic loading. 
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